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We study a model of interacting spinless fermions in a one dimensional lattice with supersymme-
try (SUSY). The Hamiltonian is given by the anti-commutator of two supercharges Q and Q†, each
of which is comprised solely of fermion operators and possesses one adjustable parameter g. When
the parameter g vanishes, the model is identical to the one studied by Nicolai [H. Nicolai, J. Phys.
A: Math. Gen. 9, 1497 (1976)], where the zero-energy ground state is exponentially degenerate.
On the other hand, in the large-g limit the model reduces to the free-fermion chain with a four-fold
degenerate ground state. We show that for finite chains SUSY is spontaneously broken when g > 0.
We also rigorously prove that for sufficiently large g the ground-state energy density is nonvanish-
ing in the infinite-volume limit. We further analyze the nature of the low-energy excitations by
employing various techniques such as rigorous inequalities, exact numerical diagonalization, and
renormalization group method with bosonization. The analysis reveals that the low-energy excita-
tions are described by massless Dirac fermions (or Thirring fermions more generally), which can be
thought of as Nambu-Goldstone fermions from the spontaneous SUSY breaking.
PACS numbers: 71.10.Fd, 71.10.Pm, 11.30.Pb
I. INTRODUCTION
Recently, Nambu-Goldstone (NG) bosons [1–3] in non-
relativistic systems have drawn renewed attention. This
is in part motivated by the clarification of the count-
ing rule for NG bosons proposed in [4, 5]. According to
them, non-relativistic NG bosons can be classified into
two types, A and B. If we believe in the existence of the
effective Lagrangian for the NG bosons, they live in the
coset space of the spontaneously broken symmetries, and
type A (B) NG bosons have the second (first) order time
derivative such that they are compatible with the coset
structure.
In order to relate the classification to the intrinsic sym-
metry breaking pattern, we consider the vacuum expec-
tation values of commutation relations, 〈0|[Qi, Qj]|0〉, of
generators of broken symmetries, Qi(i = 1, 2, · · · , nBG)
in the Hermitian basis. In the effective Lagrangian de-
scription, type A NG bosons correspond to the situ-
ation in which 〈0|[Qi, Qj]|0〉 = 0 for any pairs of i
and j, while type B NG bosons correspond to the sit-
uation in which 〈0|[Qi, Qj]|0〉 6= 0 for some pair of i
and j. Using the matrix ρ whose elements are defined
as ρij = −i〈0|[Qi, Qj]|0〉, the number of NG bosons is
given by nBG− 12 rankρ. Here, the number of type A NG
bosons is given by nA = nBG − rankρ, and the number
of type B NG bosons is given by nB =
1
2 rankρ. Further-
more, the above mentioned coset structure determines
the dispersion relations from the matrix ρ. Type A (B)
NG bosons have linear (quadratic) dispersion, ω ∝ |p|
(ω ∝ p2), where ω and p are frequency and momentum,
respectively. The classification is intuitive, but relies on
the weakly coupled effective Lagrangian description with
the coset structure. In particular, it is not obvious if the
argument directly applies to the spontaneous supersym-
metry (SUSY) breaking.
The original idea of SUSY is to combine bosons and
fermions in the same representation. The SUSY genera-
tors Q and Q† interchange bosonic and fermionic parti-
cles. It was first discovered in the study of the fermionic
strings in two-dimension [6, 7], and then generalized to
four-dimensions by Wess and Zumino [13] (as well as in
the earlier work by Golfand and Likhtman [8]). In ele-
mentary particle physics, SUSY has been pursued for a
possible solution of the hierarchy problem [9, 10]. The
central idea is that the Bose-Fermi cancellation above the
electro-weak energy scale will ameliorate the high energy
fine-tuning of dimensionful parameters in the standard
model of particle physics.
In reality, we have not observed SUSY in any particle
physics experiment as of writing this paper. Therefore,
we believe that SUSY, if any, must be spontaneously
broken. In relativistic field theory, spontaneous SUSY
breaking also gives rise to massless fermions, which are
called Nambu-Goldstone (NG) fermions or Goldstinos
[14]. This is the SUSY version of the Nambu-Goldstone
theorem [1–3]. Studies on the relationship between NG
fermions and spontaneous SUSY breaking have a long
history especially in relativistic cases. Indeed, before the
seminal paper by Wess and Zumino, Akulov and Volkov
[11, 12] proposed the model of SUSY only with fermions,
which may be regarded as the action of the NG fermions.
On the other hand, less is known about the relation
between spontaneous SUSY breaking and NG fermions
in lattice and/or non-relativistic systems. In condensed
2matter physics, SUSY is discussed in cold-atom systems,
topological insulators, and lattice systems [15–29]. Ex-
amples of the lattice models with SUSY include Nicolai’s
model [25] and a class of models introduced by Fendley et.
al. [27]. These models are special in that their ground-
state degeneracy tends to grow exponentially with sys-
tem size. In the cold-atom context, a possible realiza-
tion of SUSY in Bose-Fermi mixtures has been theoret-
ically introduced by Yu and Yang [18]. The Hamilto-
nian describing the system commutes with the fermionic
supercharge Q (Q†) that turns a fermion (boson) into
a boson (fermion). The system exhibits spontaneous
SUSY breaking, i.e., 〈ψ0|{Q,Q†}|ψ0〉 6= 0 in the ground
state |ψ0〉 unless the number of particles is zero. On the
other hand, the dispersion relation of NG fermions in this
model is quadratic and can be thought of as type B in the
classification scheme by ignoring the difference between
commutator and anti-commutator [22]. This means that
the model satisfies the counting rule for NG bosons de-
spite that the excitation is a fermion. Here, a natural
question arises: Can we always apply the counting rule
of NG bosons to spontaneous SUSY breaking naively?
The answer to this question is “No” because there is a
model that may be regarded as an exception of a naive
generalization of the counting rules. One of the goals of
this paper is to show such an example and to understand
the nature of NG fermions induced by the spontaneous
SUSY breaking there. More precisely, we introduce the
extended version of the Nicolai model, a lattice model
with SUSY in one spatial dimension and analyze the vac-
uum structure and the low energy excitations. We show
that SUSY is broken spontaneously in this model and the
low energy effective field theory is described by a mass-
less Dirac fermion (or Thirring fermion more generally).
In our model, the structure of the vacuum expectation
value of broken SUSY generators looks like that of type
B NG bosons, i.e. 〈0|{Q,Q†}|0〉 6= 0, but we find that
the dispersion is linear ω ∝ |p| which is supposed to be
the dispersion of type A. This suggests that a naive gen-
eralization of the counting rules for NG bosons does not
apply to the present case.
The rest of the paper is organized as follows. In Sec.
II, we define the model and describe the symmetries of
its Hamiltonian, including SUSY. The Hamiltonian of
the model is defined as the anti-commutator of fermionic
superchages Q and Q†. In Sec. III, we first define pre-
cisely what we mean by spontaneous SUSY breaking. We
then prove that SUSY is spontaneously broken in our
model for both a finite chain with g > 0 and the infi-
nite chain with sufficiently large g. In Sec. IV, we study
the nature of the low-energy excitations both analytically
and numerically. We provide substantial evidence that
the low-energy excitations are well described by massless
Thirring fermions. Concluding remarks are presented in
Sec. V. In Appendices A-D, we derive some of the for-
mulas used in the main text. In Appendix F, we present
an analogue of the NG fermion theorem in translational
invariant but not necessarily Lorentz invariant field the-
ories.
II. MODEL
In this section we define the model we study and de-
scribe its symmetries. We consider a system of spinless
fermions on a chain of length N . Throughout the paper,
we assume that N is even and we impose periodic bound-
ary conditions. For each site j, we denote by c†j and cj
the creation and the annihilation operators, respectively.
They obey the usual anticommutation relations
{ci, c†j} = δi,j , {ci, cj} = {c†i , c†j} = 0, (1)
for all i, j = 1, 2, · · · , N . As usual, the number operators
are defined by nj := c
†
jcj . The total fermion number is
then defined by F :=
∑N
j=1 nj .
A. Hamiltonian and supercharges
The Hamiltonian of our model is defined in terms of
the supercharge Q and its Hermitian conjugate Q† as
H = {Q,Q†}. (2)
In our model, the supercharge Q is made up solely of
fermions and is defined by
Q :=
N/2∑
k=1
(gc2k−1 + c2k−1c
†
2kc2k+1). (3)
One can easily verify that Q and Q† are nilpotent, i.e.,
Q2 = (Q†)2 = 0 by noting that each summand in Eq. (3)
is nilpotent and anticommutes with the others. Without
loss of generality, we can assume that g ≥ 0 because Q
with g ≤ 0 can be achieved by local unitary transfor-
mations: cj → (−1)jcj . When g = 0, the supercharge Q
becomes identical to the one considered by Nicolai in [25].
In this sense, our model is one parameter generalization
of the Nicolai model.
A tedious but straightforward calculation shows that
the explicit expression for the Hamiltonian is given by
H = Hhop +Hcharge +Hpair +
g2
2
N, (4)
where
Hhop = g
N∑
j=1
(−1)j(c†jcj+1 + c†j+1cj), (5)
Hcharge =
N/2∑
k=1
(n2k + n2k−1n2k+1)−
N∑
j=1
njnj+1, (6)
Hpair =
N/2∑
k=1
(c†2kc
†
2k+3c2k−1c2k+2 +H.c.). (7)
3The first term Hhop denotes the usual fermion hopping
term. Here, the alternating sign of the hopping ampli-
tudes is not essential because it can be made uniform
by local unitary transformations which will be discussed
later. The second term Hcharge represents an attrac-
tive interaction between nearest-neighbor fermions and
a repulsive interaction between next-nearest-neighbor
fermions on odd-numbered sites. In addition, Hcharge
includes an on-site potential term. The third term Hpair
looks complicated, but can be thought of as a pair hop-
ping term. A schematic representation of each term is
shown in Fig. 1.
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FIG. 1. (Color online) Schematic representation of (a) the
hopping term (Hhop), (b) the nearest-neighbor attractive and
the next-nearest neighbor repulsive interactions (Hcharge),
and (c) the pair hopping term (Hpair). Green (gray) balls
represent spinless fermions.
B. Symmetries
The model has various symmetries including, of course,
SUSY. It follows from the nilpotency of Q and Q† that
the supercharges commute with the Hamiltonian
[H,Q] = [H,Q†] = 0. (8)
An immediate consequence is that states with positive
energy come in pairs, called superpartners. Note that a
zero-energy state is a SUSY singlet and does not have
a superpartner. The supercharges and the total fermion
number F satisfy the following algebra
[F,Q] = −Q, [F,Q†] = Q†, (9)
implying Q (Q†) decreases (increases) F by one. As a
consequence, F is conserved,
[H,F ] = 0, (10)
from which it follows that the model has U(1) symmetry.
Furthermore, the relation Eq. (9) tells us that superpart-
ners differ in their fermion number by one.
Other symmetries of the Hamiltonian are translation,
inversion, and charge conjugation. Let us discuss them
one by one. The supercharge Q is invariant under trans-
lation by two sites, namely, T : cj → cj+2. As a conse-
quence, H is also invariant under translation T . Next,
let us examine inversion symmetry. An explicit calcula-
tion shows that Q and Q† are invariant under sending
cj → −(−1)jcN−j . More precisely, they commute with
the operator U that leads to
UcjU =
{
−(−1)jcN−j j = 1, 2, ..., N − 1
−cN j = N.
(11)
Note that U squares to the identity. One can, in prin-
ciple, derive an explicit expression for U by noting that
the operator Pi,j = 1− (c†i − c†j)(ci− cj) permutes ci and
cj [30, 31]. The fact that H commutes with U follows
from
[Q,U ] = [Q†, U ] = 0. (12)
The inversion U plays an important role in the discus-
sion below. Finally, we remark that Q and Q† are in-
terchanged by the charge conjugation: cj → −(−1)jc†j .
As a consequence, the Hamiltonian Eq. (2) is invariant
under this transformation.
III. SUSY BREAKING
A. Definition
Let us first give a precise definition of spontaneous
SUSY breaking. The SUSY Hamiltonian Eq. (2) is, by
definition, positive-semidefinite, i.e.,
〈ψ|H |ψ〉 = ‖Q|ψ〉‖2 + ‖Q†|ψ〉‖2 ≥ 0, (13)
for any state |ψ〉. A state annihilated by both Q and
Q† has zero energy, and hence is a ground state of H .
If a zero-energy ground state exists, SUSY is unbroken.
On the other hand, by spontaneous SUSY breaking,
we mean that there is no zero-energy state. In other
words, the ground-state energy of H is strictly positive.
This definition makes perfect sense in any finite volume
systems, but is somewhat subtle in the infinite-volume
limit, as discussed by Witten [14]. This is because
SUSY may be restored in the infinite-volume limit if the
ground-state energy approaches zero as the system size
N increases. To avoid this subtlety, we shall adopt the
following definition:
Definition: SUSY is spontaneously broken if the
ground-state energy per site is strictly positive.
4This definition applies to both finite and infinite-volume
systems. In the following we first show in our model
that SUSY is broken spontaneously in any finite chain
when g > 0. Then we prove that spontaneous SUSY
breaking also occurs in the infinite-volume limit when g
is sufficiently large.
B. SUSY breaking in finite chains
Let us prove that for any finite chain SUSY is bro-
ken spontaneously when g > 0. The key to the proof
is to show the existence of an operator O such that
{Q,O} = g. Let us first show how the spontaneous SUSY
breaking follows from the existence of such an operator.
Suppose for the sake of contradiction that there exists
a zero-energy state |ψ0〉 6= 0 annihilated by both Q and
Q†. Then, we have
〈ψ0|{Q,O}|ψ0〉 = 0, (14)
from which it follows that g = 0. This, however, contra-
dicts the fact that g is nonvanishing. Now the question
is if there is an operator O that has the desired prop-
erty. In fact, a straightforward calculation shows that
the following operators
Ok = c
†
2k−1
[
1− 1
g
(c†2kc2k+1 + c2k−3c
†
2k−2)
+
2
g2
c2k−3c
†
2k−2c
†
2kc2k+1
]
(15)
satisfy {Q,Ok} = g for all k = 1, · · · , N/2. Therefore,
there is no zero-energy state and the ground-state energy
per site is strictly positive for any finite N , implying that
SUSY is spontaneously broken.
We note in passing that SUSY is unbroken in the orig-
inal Nicolai model corresponding to g = 0. This is most
easily seen by noting that the empty and the fully filled
states are annihilated by both Q and Q† when g = 0.
There are many other zero-energy ground states, the
number of which grows exponentially with the system
size N . This will be discussed elsewhere [32].
C. SUSY breaking in the infinite-volume limit
The above argument does not exclude the possibil-
ity that SUSY is restored in the infinite-volume limit,
because the ground-state energy per site might become
zero. However, for sufficiently large g this is not the case.
To prove this, we use Anderson’s argument [33, 35? –37]
with which we can obtain a lower bound for the ground-
state energy.
We first note that the sum of the lowest eigenvalues of
the terms consisting of H must be equal to or less than
the ground-state energy E0. In Eq. (4), Hcharge+Hpair is
identical to the Hamiltonian of the original Nicolai model
(g = 0) and its ground-state energy is zero as discussed
in the previous subsection. Thus, we have
E0 ≥ Ehop0 +
N
2
g2, (16)
where Ehop0 is the ground-state energy of Hhop. Since
Hhop is a free-fermion Hamiltonian, one can easily com-
pute Ehop0 and find E
hop
0 ≥ −2gN/π (see Appendix A for
the derivation). This yields
E0 ≥ N
2
g
(
g − 4
π
)
. (17)
Therefore, the ground-state energy per site, E0/N , is
strictly positive when g > 4/π = 1.2732.... This proves
the spontaneous SUSY breaking.
We remark that the condition g > 4/π is sufficient for
spontaneous SUSY breaking, but may not be optimal.
An improved bound might be obtained by using a more
sophisticated decomposition of the Hamiltonian.
IV. NAMBU-GOLDSTONE FERMIONS
In this section, we study the nature of the low-energy
excitations of our model when SUSY is spontaneously
broken. In Sec. IVA1, based on a variational argu-
ment, we prove the existence of low-lying states whose
excitation energies are bounded from above by a linear
dispersion relation. In Sec. IVA2, we show our nu-
merical results obtained by exact diagonalization. The
results provide convincing evidence that the dispersion
of the lowest fermionic excitation is linear in momen-
tum p and that the low-energy effective field theory falls
into the same universality class as the massless Thirring
model. To further support this, in Sec. IVB, we carry
out an analysis of the continuum limit of the model using
bosonization and renormalization group techniques.
A. Lattice result
1. Variational argument
In this subsection, we prove that spontaneous SUSY
breaking in our model implies the existence of a gapless
fermionic excitation. More precisely, we derive a rigorous
upper bound for the energy of a low-lying state consisting
of states with momenta ±p relative to the ground state,
and show that it is bounded from above by p-linear dis-
persion relation. To this end, we propose a variational
ansatz, similar to the Bijl-Feynman ansatz [38] used in
the context of the Heisenberg antiferromagnets [39–41].
In the following, we assume that g > 4/π so that SUSY
is spontaneously broken, and that the ground-state de-
generacy is independent of the system size N . In fact,
our numerical results suggest that the ground-state de-
generacy is always four, irrespective of N .
5Let |ψ0〉 be a normalized ground state of H . We can
always choose |ψ0〉 to be annihilated by Q [27]. This can
be seen as follows. Let |ψ′〉 be an eigenstate of H with
energy E > 0 and suppose Q|ψ′〉 6= 0. Since H commutes
with Q and Q†,
|ψ〉 := |ψ′〉 − 1
E
Q†Q|ψ′〉, (18)
is also an eigenstate of H with the same energy. It then
follows from Q2 = 0 that Q|ψ〉 = 0. Since H commutes
with the total fermion number F , the translation T , and
the inversion U , we can further assume that |ψ0〉 is a
simultaneous eigenstate of (H,F, T, U) with eigenvalues
(E0, F0, T0, U0). Note that possible eigenvalues of U are
±1, because U2 = 1. Another ground state Q†|ψ0〉 is also
a simultaneous eigenstate of (H,F, T, U) with eigenval-
ues (E0, F0 + 1, T0, U0), because [Q
†, T ] = [Q†, U ] = 0.
Therefore, the two ground states |ψ0〉 and Q†|ψ0〉 differ
only in their fermion number.
For our purposes, it is convenient to introduce local
supercharges
qk =
g
2
(c2k−1 + c2k+1) + c2k−1c
†
2kc2k+1, (19)
which are nilpotent and mutually anticommuting. The
Fourier transform of qk is then defined as
Qp :=
N/2∑
k=1
e−ipkqk. (20)
Here, the wavenumber p takes values p = 4πm/N , where
m ∈ Z and −π < p ≤ π. We note that the uniform
component Q0 is identical to the supercharge Q in Eq.
(3). One can verify that for any p,
[F,Qp] = −Qp, [F,Q†p] = Q†p, (21)
hold. This implies that Qp (Q
†
p) decreases (increases) F
by one. Qp and Q−p (Q
†
p and Q
†
−p) are related to each
other by inversion U as follows:
UQpU = Q−p, UQ
†
pU = Q
†
−p. (22)
Now, we consider the following variational state
|ψp〉 :=
(Qp +Q
†
p)|ψ0〉
‖(Qp +Q†p)|ψ0〉‖
(p 6= 0). (23)
(Note that Qp + Q
†
p is Hermitian.) The state |ψp〉 is
orthogonal to both |ψ0〉 and Q†|ψ0〉 since |ψp〉 can be
decomposed into a linear combination of states with mo-
menta ±p 6= 0 relative to the ground states. The varia-
tional energy of |ψp〉 is obtained as
ǫvar(p) = 〈ψp|H |ψp〉 − E0
=
〈 [Qp, [H,Q†p] ] 〉0
〈 {Qp, Q†p} 〉0
, (24)
where 〈· · ·〉0 denotes the ground-state expectation value
defined by 〈· · ·〉0 := 〈ψ0| · · · |ψ0〉. A detailed derivation
of Eq. (24) is given in Appendix B. From the locality of
anticommutators,
{qk, q†ℓ} =
{
nonzero |k − ℓ| ≤ 1
0 otherwise
, (25)
and the identity [H,Q†p] = [Q
†, {Q,Q†p}], we find that the
commutator [H,Q†p] is a sum of local operators. However,
the double commutator [Qp, [H,Q
†
p] ] may not be so since
[qk, q
†
ℓ ] is nonzero for all k, ℓ. To obtain a meaningful
bound, we use the following inequality [42]
|〈ψ| [A†, B ] |ψ〉|2 ≤ 〈ψ| {A†, A} |ψ〉 〈ψ| {B†, B} |ψ〉 (26)
which holds for any state |ψ〉 and any operators A, B
(for the proof, see Appendix C). With the identification,
|ψ〉 = |ψ0〉, A = Q†p, and B = [H,Q†p], we have
ǫvar(p)
2 ≤ 〈 { [Qp, H ], [H,Q
†
p] } 〉0
〈 {Qp, Q†p} 〉0
(27)
The denominator of Eq. (27) is nonvanishing when
SUSY is broken spontaneously. This can be seen as fol-
lows. Let us denote by fd(p) := 〈 {Qp, Q†p} 〉0 the denom-
inator. fd(p) is of the order of N from the locality Eq.
(25). The properties Eq. (22) and U2 = 1 imply that
fd(p) is an even function of p. Then, from fd(0) = E0,
we have
fd(p) = N
(
E0
N
+O(p2)
)
, (28)
which ensures that fd(p) is nonvanishing for small enough
p. More precise conditions under which fd(p) is non-
vanishing are presented in Appendix D. Next, let us
examine the numerator of Eq. (27). We denote by
fn(p) := 〈 { [Qp, H ], [H,Q†p] } 〉0 the numerator. Using
the locality, i.e., Eq. (25), repeatedly, we find fn(p) is
a sum of the expectation values of local operators, and
hence is of the order of N . Again, the properties Eq.
(22) and U2 = 1 imply that fn(p) is an even function of
p. This can be seen by noting that
fn(p) = 〈U{ [Qp, H ], [H,Q†p] }U 〉0
= 〈 { [Q−p, H ], [H,Q†−p] } 〉0 = fn(−p). (29)
Furthermore, fn(0) = 0 since H commutes with Q0 and
Q†0. Putting these together, we find
fn(p) = N
(
Cp2 +O(p4)
)
, (30)
where C is a constant independent of N . Thus, we arrive
at
ǫvar(p) ≤
√
fn(p)
fd(p)
=
√
C
E0/N
|p|+O(|p|3), (31)
6which gives a rigorous upper bound for the low-lying ex-
citations.
Some comments are in order. (i) The assumption that
the ground-state degeneracy is finite and independent of
N is crucial in the proof, because otherwise we cannot
exclude the pathological cases where all the trial states
|ψp〉 represent other ground states orthogonal to both
|ψ0〉 and Q†|ψ0〉. (ii) A field theoretical analogue of the
above result can be proved, provided the existence of a
local operator analogous to Eq. (15). See Appendix F
for more details. (iii) Since our proof does not rely on
the specific form of qk or the one dimensionality of the
lattice, we expect that similar results would hold for more
general models in one and higher dimensions.
2. Numerical result
The previous argument implies the existence of a gap-
less excitation with linear dispersion relation. To ver-
ify this, we numerically study the low-energy excitations
using exact diagonalizaton up to N = 22 sites. We
have checked that there are four ground states irrespec-
tive of N and they are in the sectors F = N/2 and
F = N/2 ± 1. The first excited states lie in the sub-
spaces with F = N/2±1 and F = N/2±2. In Fig. 2, we
plot the first excitation energies relative to the ground
state as a function of 1/N for various g values. Since
1/N is proportional to the wavenumber p, the dispersion
relation can be read off from the plot. The results sug-
gest that the lowest excitation energy is linear in p, which
implies the existence of NG fermions.
To provide further evidence, we perform a finite-size
scaling analysis of the ground state energy density E0/N .
From the free-fermion result (Appendix A2) which is
valid in the large-g limit, we adopt the following form
FIG. 2. (Color online) Finite-size scaling of the lowest excita-
tion energy ∆E vs 1/N for g = 2, 4, 6, 8. The lines are linear
fits to the data.
TABLE I. The estimated central charge c using Eq. (32)
g 2.0 4.0 6.0 8.0
c 0.970468 1.00805 1.01969 1.02534
from the finite size scaling of CFTs [43, 44]:
E0
N
= e∞ +
πvFc
3N2
+O
(
1
N3
)
, (32)
where e∞ is the ground-state energy per site in the
infinite-N limit, vF the Fermi velocity. Here, the constant
c is a central charge of the corresponding conformal field
theory (CFT). In our numerical analysis, vF is estimated
as vF = N∆E/2π, where ∆E is the difference between
the first excited and ground-state energies. Combining
this estimate with the scaling ansatz Eq. (32), we find
that the central charge for g = 4.0 is c = 1.00805, which is
remarkably close to unity. The estimated central charges
for other g are summarized in Table I. The results ob-
tained suggest that the low-energy effective field theory
of our model with g > 0 falls into a class of c = 1 CFTs.
c = 1 CFTs are further specified by the Tomonaga-
Luttinger (TL) parameter (or equivalently, the compact-
ification radius of the dual boson). A well-known exam-
ple is the massless Thirring model, where the power-law
behavior changes continuously with varying the TL pa-
rameter. To further specify the effective field theory of
our model, we calculate the TL parameter numerically
based on the formula derived in [45, 46]
F(L) := 〈[NA − 〈NA〉]2〉 (33)
=
K
π2
log
(
sin(πLN )
sinh(παN )
)
(34)
Here, F(L) is the number fluctuation in a subsystem A
of length L, K is the TL parameter, α is a short distance
cutoff, NA is the particle number in subsystem A, and
the symbol 〈· · · 〉 denotes the expectation value in the
ground state in the sector F = N/2. The details of the
derivation of the formula are given in Appendix E. The
TL parameter K can be obtained by comparing numer-
ically calculated F(L) with Eq.(34). In this calculation,
we take subsystem sizes L from 1 to N/2. We note that
K takes the same value in the degenerate ground states
(in the sector F = N/2). Figure 3 shows the dependence
of the estimated K on g for N = 16, 18, 20, 22. The esti-
mated K increases as N increases when g is larger than
about 3.0, while it decreases when g is smaller than 3.0.
Figure 4 shows the estimated K as a function of the sys-
tem length N for g = 2, 3, 4, 6, 8. As we can see, K is
linear as a function of 1/N . The intercept of each plot
gives the TL parameter of the infinite system. The val-
ues of K so obtained are summarized in Table II and are
shown in Fig. 3 as well.
According to this table, the TL parameter K is almost
independent of g and is remarkably close to unity in the
large N extrapolation. This suggests that the low-energy
7FIG. 3. (Color online) The TL parameter K as a function of
g for N = 16, 18, 20, 22. The curves are fits to the five data
points. As N increases, K converges to a value labeled as
extrapolation.
FIG. 4. (Color online) TL parameter K vs system length N
for g = 2, 3, 4, 6, 8. The lines are fits to the data points. Their
intercepts are the TL parameters K in the infinite-size limit.
effective field theory is well described by a massless Dirac
fermion. In the next section, we compare the numerical
results against the renormalization group analysis. Given
a few percent errors in the central charge with nontrivial
g dependence (which must vanish) in our extrapolation,
however, whether K = 1 is exactly so independently of g
in the infinite-volume limit is to be addressed in a future
work.
B. Continuum limit
In order to support the numerical results in the previ-
ous subsection, we derive the low energy effective Hamil-
TABLE II. The TL parameter K in the infinite system esti-
mated by the extrapolation shown in Fig. 4.
g 2.0 3.0 4.0 6.0 8.0
K 0.9897 0.9872 0.9863 0.9858 0.9857
tonian in the large-g limit using bosonization and renor-
malization group (RG). In this limit, the Hamiltonian H
is dominated by Hhop, and the rest of the terms, Hcharge
and Hpair, can be treated as a perturbation.
For later purposes, we rewrite the Hamiltonians in
Eqs. (5)-(7) using the following unitary transformation:
c4j→−c4j , c4j−1→−c4j−1, c4j−2→c4j−2, c4j−3→c4j−3.
As a result, we have [47]
Hhop = −g
N∑
j=1
(c†jcj+1 + c
†
j+1cj), (35)
Hcharge = −
N∑
j=1
(:nj : :nj+1 :)
+
1
2
N∑
j=1
(
1 + (−1)j) (:nj−1 : :nj+1 :), (36)
Hpair=
N∑
j=1
1−(−1)j
2
(c†j−2cj−1c
†
j+1cj+2 + h.c.),(37)
where : nj : is normal ordering of nj which is defined as
nj − 1/2. We note in passing that one of the ground
states is in the sector with F = N/2 and the expectation
value of nj in it is 1/2 due to the translational symmetry.
Let us first derive a bosonized Hamiltonian. In the fol-
lowing, we assume that the parameter g is large enough
so that Hcharge and Hpair can be regarded as a pertur-
bation to the free Hamiltonian Hhop, whose continuum
limit is described by free massless Dirac fermions. In
the continuum limit, the annihilation operator cj can be
written in the form:
cj ∼
√
a
(
ψL(x)e
−ikFx + ψR(x)e
ikFx
)
. (38)
Here, a is the lattice spacing, the subscript R (L) denotes
right (left) branch of fermions, x = ja, and kF = π/(2a)
is the Fermi wave number. Fermion field operators ψL(x)
and ψR(x) satisfy usual anticommutation relations
{ψr(x), ψr′ (y)}= {ψ†r(x), ψ†r′(y)} = 0, (39)
{ψr(x), ψ†r′ (y)}= δ(x− y)δr,r′ , r, r′ = L,R. (40)
To obtain the effective Hamiltonian in terms of bosonic
fields, we bosonize the fermion fields,
ψR(x) =
1√
2πα
eiφR(x) , ψL(x) =
1√
2πα
e−iφL(x), (41)
where the bosonic fields φR(x) and φL(x) obey the com-
mutation relations
[φR(x), φR(y)] = iπsgn(x − y), (42)
[φL(x), φL(y)] = −iπsgn(x− y), (43)
[φL(x), φR(y)] = iπ, (44)
and the short-distance α is introduced to regularize the
ultraviolet divergences. Note that α does not necessarily
coincide with the lattice spacing a.
8TABLE III. Bosonized forms of the interacting terms with
their scaling dimensions. For simplicity, we only show the
densities of the most relevant terms. The scaling dimension
of the cos term depends on the TL parameter K, which is
unity in the free-fermion case (large-g limit). The subscript
“uni” indicates the uniform component of each Hamiltonian.
Hamiltonian bosonized form scaling dimension
∑
j
:nj : :nj+1 :
2a2
pi
(∂xϕ)
2
+
1
2pi2
cos(
√
16piϕ)
2
4K
(
∑
j
:nj+1 : :nj−1 :)uni
−3a
2
pi
(∂xϕ)
2
− 1
2pi2
cos(
√
16piϕ)
2
4K
(Hpair)uni
−15a
2
8pi
(Π)2+
a2
8pi
(∂xϕ)
2
− a
2
2pi2α2
cos(
√
16piϕ)
2
4K
The bosonized form of the hopping term reads
Hhop ∼ v0
2
∫
dx{ ∂xϕ(x)2 +Π(x)2 }, (45)
where we have introduced the velocity v0 = 2ga
and the new bosonic fields ϕ(x) = (φL(x) + φR(x))/
√
4π
and Π(x) = (∂xφL(x)−∂xφR(x))/
√
4π, which satisfy the
commutation relation [ϕ(x),Π(y)] = iδ(x− y) [48]. Sim-
ilarly, Hcharge and Hpair can be expressed in terms of ϕ
and Π. The results are summarized in Table III. We
note that higher derivative terms arising from Hcharge
and Hpair are negligible since their scaling dimensions
are larger than 2, and thus obviously irrelevant. The
staggered terms
∑
j(−1)j · · · in Eqs. (36) and (37) are
also negligible, because in the continuum limit the most
relevant terms arising from them can be written in the
form of a total derivative.
Putting all this together, we arrive at the following
sine-Gordon Hamiltonian
H ∼ v
2
∫
dx
{
1
K
∂xϕ(x)
2 +K Π(x)2
}
+γ
∫
dx cos(
√
16πϕ(x)) (46)
where v, K, γ are the velocity, the TL parameter, and
the coupling constant, respectively. The values of the
velocity and the TL parameter can be read off from Table
III:
v = 2a
√(
g − 15
8π
)(
g − 27
8π
)
, (47)
K=
√
1− 15/(8πg)
1− 27/(8πg) . (48)
In the large-g limit, K is approximated as
K ∼ 1 + 3/(4πg). We note that up to this order,
the effective action has the emergent Lorentz symmetry,
so one may follow the standard procedure of the RG
method with Lorentz symmetry. The RG equation for γ
is obtained as
dγ
dℓ
=(2− 4K)γ, (49)
where ℓ is scale length satisfying dℓ = dlnα. It then fol-
lows that the cosine term in Eq. (46) has scaling dimen-
sion 4K > 4 and is obviously irrelevant. Therefore, the
low-energy effective Hamiltonian is described by a free-
boson theory. The effective Hamiltonian has the same
form as Eq. (45), but the velocity v0 is replaced with
v. By refermionizing the effective Hamiltonian, we can
get the Hamiltonian of the massless Thirring model. This
supports the conclusion drawn from our numerical results
in the previous subsection.
A comment is in order. We saw that in Table II, the TL
parameter K is almost independent of g and is slightly
smaller than 1 in the largeN extrapolation. On the other
hand, the analytically obtained K from bosonization in
Eq. (48) obviously depends of g and is always greater
than 1. This discrepancy may originate from finite-size
corrections to Eq. (34) or the regularization scheme cho-
sen in the field theory calculation. While the irrelevance
of the γ-term in Eq. (46) is not affected by the actual
value of K as long as K is sufficiently close to 1, a more
comprehensive analysis of K would be desirable for fu-
ture studies.
V. CONCLUSION
In this paper, we have studied one parameter exten-
sion of the Nicolai model in one spatial dimension, whose
Hamiltonian is constructed from the supercharges Q and
Q† as H = {Q,Q†}. The model interpolates smoothly
between the original Nicolai model and the free-fermion
chain as the parameter g is varied from 0 to ∞. When
g > 0, SUSY is spontaneously broken for any finite
chain, which follows from the existence of a local op-
erator whose anticommutator with Q is constant. For
the infinite chain, we proved that SUSY is spontaneously
broken when g > 4/π.
We have also carried out various analysis of the nature
of the low-energy excitations. Based on a variational
approach, we proved the existence of low-lying states
whose excitation energies are bounded from above by a
linear dispersion relation. We then numerically studied
the ground states and the low-lying states to find that
the low-energy physics is described by c = 1 massless
Thirring model with the TL parameterK close to 1. This
was further supported by the analysis of the continuum
model in the large-g limit using bosonization and renor-
malization group techniques.
While we have analyzed a particular model, we can
draw some general lessons on NG fermions in non-
9relativistic systems. In particular, for the counting of
NG fermions, our model provides an example in which
assumptions implicitly made in the argument in the lit-
erature (for non-relativistic NG bosons) must be carefully
reconsidered (see appendix F). They include the assump-
tion on the analytic dependence of the broken SUSY gen-
erators on the momentum, decoupling of the NG fermions
from the other gapless degrees of freedom and possibil-
ities of strong couplings among NG modes. From the
RG analysis and the constraint on the spectral functions,
we know that relativistic NG modes (both bosonic and
fermionic) cannot interact strongly at low energy in two
or more space dimensions, but in non-relativistic systems,
in particular in 1 + 1 dimensions, gapless fermions may
admit nontrivial marginal or relevant interactions. In
our case, the TL parameter may be an example of such
deformations. To understand the possibility of strong
interactions of NG fermions (or bosons more generally
without Lorentz invariance), it is important to precisely
determine the TL parameter for the NG fermions in our
model.
While our RG analysis is essentially 1/g expansions
around the free Dirac fermions at g =∞, it is interesting
to see if we can set up the small g expansions around
the original Nicolai model at g = 0. The Nicolai model
has exponentially degenerate ground states, whose clas-
sification has not been completed yet [32], but our argu-
ment shows that the perturbation by g lifts all the ground
states except for the NG fermion modes. In this view-
point, the Nicolai model may be regarded as a limit of
strongly interacting NG fermions and other excitations.
We hope that this picture may be helpful to classify the
ground states of the original Nicolai model.
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Appendix A: Auxiliary free-fermion problem
1. Ground-state energy
In this appendix, we calculate the exact ground-state
energy of the hopping Hamiltonian Eq. (5). The signs of
the hopping amplitudes can be made uniform except at
the boundary by the following unitary transformation:
c4m−3 → c4m−3, c4m−2 → c4m−2, c4m−1 → −c4m−1,
c4m → −c4m. This yields
Hhop = −g
N−1∑
j=1
(c†jcj+1 +H.c.)− g(eiπN/2c†Nc1 +H.c.).
(A1)
The boundary conditions are periodic when N/2 is even,
while they are anti-periodic when N/2 is odd. In either
case, the Hamiltonian in Fourier space reads
Hhop =
∑
q
ǫ(q) c˜†q c˜q with ǫ(q) = −2g cos q, (A2)
where c˜†q :=
∑
j e
−iqjcj/
√
N and the wavenumber q takes
the values
q =
2π
N
ℓ, ℓ ∈
{
Z
N
2 : even
Z+ 12
N
2 : odd
, (A3)
with the constraint −π < q ≤ π.
In the ground state of Hhop, all negative single-particle
energy levels are filled. We thus find that the ground-
state energy of Hhop is
Ehop0 =
∑
−π/2≤q≤π/2
ǫ(q). (A4)
For both periodic and anti-periodic cases, one finds
Ehop0 = −
2g
tan(π/N)
. (A5)
It then follows from the inequality x ≤ tanx for 0 ≤ x ≤
π/2 that
Ehop0 ≥ −
2g
π
N (A6)
We note in passing that the ground state of Hhop is
four-fold degenerate, because ǫ(q) has two zero modes
corresponding to q = ±π/2 and the states with these
modes filled or empty have the same energy.
2. Finite-size correction to Ehop0
Let us compute the leading finite-size correction to
Ehop0 (Eq. (A6)). For large N , the ground-state energy
per site behaves as
Ehop0
N
= −2g
[
1
π
− π
3N2
− π
3
45N4
+O
(
1
N6
)]
= e∞ +
πvF
3N2
+ · · · , (A7)
where e∞ = −2g/π is the ground-state energy per site
in the infinite-volume limit and vF = 2g is the Fermi
velocity. The finite size correction of order 1/N2 is in
agreement with the result of the c = 1 CFT on a cylinder
(e.g. realized by a massless Dirac fermion with periodic
boundary condition).
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Appendix B: Derivation of Eq. (24)
Using a trick similar to the one used in [39], we have
ǫvar(p) =
〈 [Qp +Q†p, [H,Qp +Q†p ] ] 〉0
2〈(Qp +Q†p)2〉0
=
〈 [Qp +Q†p, [H,Qp +Q†p ] ] 〉0
2〈 {Qp, Q†p} 〉0
, (B1)
where we have used the fact that (Qp+Q
†
p)
2 = {Qp, Q†p},
which follows from the nilpotency of Qp and Q
†
p. Since
|ψ0〉 is an eigenstate of the total fermion number F and
Qp (Q
†
p) decreases (increases) F by one, the numerator
of Eq. (B1) can be rewritten as
〈 [Qp, [H,Q†p] ] 〉0 + 〈 [Q†p, [H,Qp] ] 〉0. (B2)
Then, a straightforward calculation shows that
〈 [Qp, [H,Q†p] ] 〉0 = 〈 [Q†p, [H,Qp] ] 〉0, (B3)
yielding Eq. (24).
Appendix C: Proof of the inequality Eq. (26)
A proof of Eq. (26) can be found in [42]. For the
readers’ convenience, however, we provide a brief proof
in this appendix. For notational convenience, we write
〈· · ·〉 := 〈ψ| · · · |ψ〉. Using the triangle and the Schwartz
inequalities, we have∣∣〈 [A†, B] 〉∣∣ = ∣∣〈A†B〉 − 〈BA†〉∣∣
≤
∣∣〈A†B〉∣∣+ ∣∣〈BA†〉∣∣
≤
√
〈A†A〉〈B†B〉+
√
〈BB†〉〈AA†〉. (C1)
Then, from the inequality, 2
√
ab ≤ a+ b, we get
∣∣〈 [A†, B] 〉∣∣2
≤〈A†A〉〈B†B〉+ 〈BB†〉〈AA†〉
+2
√
〈A†A〉〈BB†〉〈AA†〉〈B†B〉
≤〈 {A†, A} 〉〈 {B†, B} 〉, (C2)
where we have identified a and b with 〈A†A〉〈BB†〉 and
〈AA†〉〈B†B〉, respectively. This proves the desired result.
Appendix D: A lower bound for fd(p)
Similarly to the lower bound for the ground state en-
ergy, one finds
{Qp, Q†p} ≥ Hhop(p) +
N
4
g2(1 + cos p), (D1)
where we write A ≥ B to denote that A − B is posi-
tive semidefinite. The modified hopping Hamiltonian is
defined by
Hhop(p) :=
g
2
N∑
j=1
(−1)j
[
(1 + e−ip)c†jcj+1 +H.c.
]
. (D2)
Again, by a suitable unitary transformation, one can
make the hopping amplitudes uniform except at the
boundary. The dependence of the ground-state energy
on the boundary condition in the free-fermion chain is
well known [36, 37]. It is minimized by the anti-periodic
(periodic) boundary condition when N/2 is even (odd).
In either case, we have
Hhop(p) ≥ −2g cos(p/2)
sin(π/N)
. (D3)
It then follows from the inequality 2x/π ≤ sinx for 0 ≤
x ≤ π/2 that Hhop(p) ≥ −gN cos(p/2), which yields
{Qp, Q†p} ≥
N
2
g cos
p
2
(
g cos
p
2
− 2
)
. (D4)
The RHS of the above inequality gives a lower bound on
fd(p) and is strictly positive for sufficiently small p when
g > 2, in which case SUSY is broken spontaneously.
Appendix E: Tomonaga-Luttinger parameter and
number fluctuation
In this appendix, we detail the derivation of the for-
mula Eq. (34) obtained in [45, 46].
A bosonized form of the number density operator is
given by
ρ(x) ∼ ρ0 + 1√
π
∂xϕ(x) (E1)
where ρ0 is constant and ϕ(x) is the bosonic field intro-
duced in Sec. IVB. Let A be a segment from 0 to l. Then
the number of the fermions in A can be expressed as
NA =
∫ l
0
dxρ(x). (E2)
It then follows that
NA − 〈NA〉 = 1√
π
(ϕ(l)− ϕ(0)), (E3)
where we have used the fact that 〈NA〉 = ρ0l. To evaluate
the fluctuation ofNA−〈NA〉, it is convenient to introduce
the mode expansion of the bosonic field ϕ(x)
ϕ(x) = ϕ0 +
√
K
2N
∑
q 6=0
e−α|q|/2√
|q| (e
iqxbq + e
−iqxb†q), (E4)
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where bq and b
†
q are, respectively, annihilation and cre-
ation operators for a boson with momentum q, and ϕ0
is the zero momentum mode. The momentum q takes a
value from { 2πN n}n∈Z. For definitions of K and α, see the
main text. A straightforward calculation yields
〈[ϕ(l)− ϕ(0)]2〉 = K
2N
∑
q 6=0
e−α|q|
|q| (e
−iql − 1)(eiql − 1)
=
K
N
∑
q>0
e−αq
q
(e−iql − 1)(eiql − 1)
=
K
2π
∞∑
n=1
e−
2piα
N
n
n
(e−i
2pil
N
n + ei
2pil
N
n − 2).
(E5)
Then we obtain
〈[ϕ(l)− ϕ(0)]2〉 = K
2π
log
(
sin( πN (l − iα))sin( πN (l + iα)
sinh2(παN )
)
∼ K
π
log
(
sin(πlN )
sinh(παN )
)
, (E6)
where we have assumed that l is much larger than the
cutoff length α. This together with Eq. (E3) yields the
desired result
F(l) = K
π2
log
(
sin(πlN )
sinh(παN )
)
. (E7)
Appendix F: NG fermion theorem in field theory
1. Existence of gapless fermionic excitation
In this appendix, we sketch a derivation of the NG
fermion theorem in translational invariant but not nec-
essarily Lorentz invariant field theories. The argument is
almost in parallel with the NG boson theorem [49, 50]
modulo some subtleties. In line with the discussions
in the main text, we work in the 1 + 1 dimensions
but higher dimensional generalization is straightforward.
(Note that the spontaneous SUSY breaking does occur
in 1 + 1 dimension, which should be contrasted with the
spontaneous bosonic symmetry breaking with Coleman-
Mermin-Wagner theorem [51, 52].)
From the locality of the Hamiltonian, we assume that
the SUSY generator Q with the SUSY algebra
Q2 = Q†2 = 0, {Q,Q†} = H (F1)
is given by an integral over the local supercharge density
q(x, t) as Q =
∫
dxq(x, t). We furthermore assume Q
is translation invariant [P,Q] = 0 with the momentum
operator P . Then the conservation of Q requires the
existence of another fermionic local operator q0(x, t) such
that ∂tq(x, t) = ∂xq0(x, t).
In continuum field theory, a well-defined criterion of
the spontaneous SUSY breaking is that there exists an
local operator O(x, t) and non-zero c-number g such that
〈0|{Q,O(x, t)}|0〉 = g, (F2)
where |0〉 is assumed to be translation invariant P |0〉 = 0.
The operator O(x, t) can be thought of as a continuum
analogue of Eq. (15) discussed in the main text.
To proceed, we study the anti-commutator
{q(x, t), O(0, 0)}. For notational convenience, we
write q := q(0, 0) and O := O(0, 0) in the following.
Using the resolution of the identity in momentum
representation, we have
〈0|{q(x, t), O}|0〉
=
∑
np
∫
dp
2π
e−ipx+iEpt〈0|q|np〉〈np|O|0〉
+ eipx−iEpt〈0|O|np〉〈np|q|0〉, (F3)
where Ep denotes the energy difference of the state |np〉
from the vacuum |0〉. We now consider the limit of the
integral of (F3) over the segment
lim
ℓ→∞
∫ ℓ
−ℓ
dx〈0|{q(x, t), O}|0〉
= lim
p→0
∑
np
e−ipx+iEpt〈0|q|np〉〈np|O|0〉
+ eipx−iEpt〈0|O|np〉〈np|q|0〉 (F4)
We assume that the interaction is sufficiently local so
that we can neglect the boundary contribution, and the
left hand side tends to 〈0|{Q,O(x, t)}|0〉. Assumption of
the spontaneous SUSY breaking (F2) then demands that
the LHS of Eq. (F4) is t independent. Therefore, on the
right hand side, we must have limp→0 Ep = 0. Since g
is nonzero, both 〈0|q|np〉 and 〈np|q|0〉 cannot simultane-
ously vanish in the p → 0 limit. Physically, it means
that the supercharge density either q or q† (or both) cre-
ate a gapless fermionic excitation in the zero-momentum
limit. This is the minimal prediction of the NG fermion
theorem without Lorentz symmetry.
Strictly speaking, the above argument does not exclude
the possibility that a non-dispersive isolated contribu-
tion from a vacuum degeneracy will satisfy (F3) with-
out gapless modes. If this were the case, the LHS of
(F3) would contain a space-time independent constant
c. However, we may argue that the equal-time anti-
commutators of fermionic operators should vanish suf-
ficiently fast in space separation in local field theories, so
this possibility is inconsistent with locality. See [49, 50]
for more details.
2. How to count NG fermions
Naively, one may repeat the argument by Nielsen and
Chadha [50] to discuss counting of NG fermions. We,
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however, point out a couple of subtleties. First of all,
in Nielsen-Chadha, the linear (in)dependency of the bro-
ken (super)charge plays a significant role. Here, for the
SUSY on a finite lattice, we may always choose Q†|0〉 6= 0
while Q|0〉 = 0 as a definition of the SUSY breaking
ground state. (If Q|0′〉 6= 0 but Q†|0′〉 = 0, then define
|0〉 = Q|0′〉.) For the moment, suppose this were the case
even in the continuum limit. Then consider the Fourier
transform of (F3)∫
dxdt e−ipx+iωt〈0|{q(x, t), O}|0〉
=
∑
np
δ(ω + E−p)〈0|q|n−p〉〈n−p|O|0〉
+ δ(ω − Ep)〈0|O|np〉〈np|q|0〉. (F5)
Now Q|0〉 = 0 means that the second term of the RHS
vanishes in the p → 0 limit. Nielsen and Chadha ar-
gued that the LHS must be an analytic function of the
momentum, and for this to be the case, the dispersion re-
lation must be an even function Ep = C2p
2+C4p
4+ · · · .
Indeed, this is the mechanism how we would have type
B NG bosons. However, we have explicitly seen in the
main text that the dispersion relation of our NG fermions
is linear, so this argument cannot hold.
If we notice that the low energy excitation of our
NG fermion in the continuum limit is a massless Dirac
fermion (or weakly coupled Thirring fermion) in the
large-g limit, we can immediately realize what went
wrong. The assumption Q†|0〉 6= 0 and Q|0〉 = 0 is an
ambiguous statement in the field theory limit. Suppose
we define Q(±) := limp→±0
∫
dxeipxq(x, t), then the Dirac
sea prescription gives Q(+)†|0〉 6= 0, Q(+)|0〉 = 0 but
Q(−)†|0〉 = 0, Q(−)|0〉 6= 0 since the definition of creation
and annihilation flips across p = 0 (or at the Fermi sur-
face in the lattice model). Once we take this careful limit-
ing procedure, we notice that the Fourier transform (F5)
is analytic with the linear dispersion Ep = C1|p| + · · ·
because the two non-analytic effects cancel. Thus, our
NG fermion violates an implicit assumption of Nielsen-
Chadha that the (in)dependency of the broken generator
is analytic near p = 0, and eventually it shows the linear
dispersion. We emphasize that this is always the case for
the relativistic NG fermions.
There is a further issue in counting the number of NG
fermions. Even after relaxing the connection between the
linear dispersion relations and the linear (in)dependency
of the broken generators, NG fermions in our example
still seem to violate the counting rule of Nielsen-Chadha
(or more recent ones discussed in the introduction) for an-
other reason. The point is that our NG fermion is equiv-
alent to a massless Dirac fermion (or Thirring fermion),
and we see that the number of gapless fermionic degrees
of freedom is twice of the number of SUSY that is spon-
taneously broken. In other words, with the same SUSY
algebra and the same SUSY breaking, one can construct
a model in which the number of gapless fermionic degrees
of freedom is half of our case (i.e. Majorana). We will
discuss such models in a future publication [53].
Within our model, the reason why we have dou-
bled the number of gapless fermions is because the
state that is created by the NG fermion operator
limp→0
∫
dxeipxq(x, t) discussed above shows the kinetic
mixing with another gapless fermionic operator. In our
lattice model, this is provided by the fermion c2k living
in the even site while the NG fermion operator c2k+1 sits
at the odd site, and they form a Dirac pair in the large-g
limit. This violates a hidden assumption in the effective
field theory argument in Murayama-Watanabe [4] that
the NG modes do not couple with other gapless modes.
However, in general there is no guarantee this is the case,
and we have a concrete counterexample here.
[1] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345
(1961).
[2] J. Goldstone, Nuovo Cimento 19, 154 (1961).
[3] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev.
127, 965 (1962).
[4] H. Watanabe and H. Murayama, Phys. Rev. Lett. 108,
251602 (2012).
[5] Y. Hidaka, Phys. Rev. Lett. 110, 091601 (2013).
[6] J. L. Gervais and B. Sakita, Nucl. Phys. B 34, 632 (1971).
[7] P. Ramond, Phys. Rev. D 3, 2415 (1971).
[8] Y. A. Golfand and E. P. Likhtman, JETP Lett. 13, 323
(1971) [Pisma Zh. Eksp. Teor. Fiz. 13, 452 (1971)].
[9] S. Weinberg, Phys. Rev. D 13, 974 (1976).
[10] E. Gildener, Phys. Rev. D 14, 1667 (1976).
[11] D. V. Volkov and V. P. Akulov, JETP Lett. 16, 438
(1972) [Pisma Zh. Eksp. Teor. Fiz. 16, 621 (1972)].
[12] D. V. Volkov and V. P. Akulov, Phys. Lett. B 46, 109
(1973).
[13] J. Wess and B. Zumino, Nucl. Phys. B 70, 39 (1974).
[14] E. Witten, Nucl. Phys. B 202, 253 (1982).
[15] M. Snoek, M. Haque, S. Vandoren, and H. T. C. Stoof,
Phys. Rev. Lett. 95, 250401 (2005).
[16] M. Snoek, S. Vandoren, and H. T. C. Stoof, Phys. Rev.
A 74, 033607 (2006).
[17] G. S. Lozano, O. Piguet, F. A. Schaposnik, and L. Sour-
rouille, Phys. Rev. A 75, 023608 (2007).
[18] Y. Yu and K. Yang, Phys. Rev. Lett. 100, 090404 (2008).
[19] Y. Yu and K. Yang, Phys. Rev. Lett. 105 150605 (2010).
[20] T. Shi, Y. Yu, and C. P. Sun, Phys. Rev. A 81, 011604(R)
(2010).
[21] H-H. Lai and K. Yang Phys. Rev. A 91, 063620 (2015).
[22] J. P. Blaizot, Y. Hidaka and D. Satow, Phys. Rev. A 92,
063629 (2015).
[23] T. Grover, D. N. Sheng and A. Vishwanath, Science 344,
280.
[24] S.-K. Jian, Y.-F. Jiang, and H. Yao, Phys. Rev. Lett.
114, 237001 (2015).
[25] H. Nicolai, J. Phys. A: Math. Gen. 9, 1497 (1976).
13
[26] H. Nicolai, J. Phys. A: Math. Gen. 10, 2143 (1977).
[27] P. Fendley, K. Schoutens and J. de Boer, Phys. Rev. Lett.
90, 120402 (2003).
[28] P. Fendley and K. Schoutens, Phys. Rev. Lett. 95, 046403
(2005).
[29] P. Fendley, B. Nienhuis, and K. Schoutens, J. Phys. A:
Math. Gen. 36, 12399 (2003).
[30] F. H. L. Essler, H. Frahm, F. Go¨hmann, A. Klu¨mper
and V. E. Korepin, The one-dimensional Hubbard
model (Cambridge University Press, Cambridge, Eng-
land, 2005).
[31] More precisely, U can be expressed in terms of two types
of operators P±i,j = 1 − (c†i ± c†j)(ci ± cj) that lead to
P±i,jcjP
±
i,j = ∓ci. Note that (P±ij )2 = 1.
[32] H. Katsura, Y. Nakayama, and H. Moriya, in prepara-
tion.
[33] P. W. Anderson, Phys. Rev. 83, 1260 (1951).
[34] R. Valent´ı, P. J.Hirschfeld and J. C. Angle´s d’Auriac,
Phys. Rev. B 44, 3995 (1991).
[35] M. Beccaria, G. F. De Angelis, M. Campostrini, and A.
Feo, Phys. Rev. D 70, 035011 (2004).
[36] W. Nie, H. Katsura and M. Oshikawa, Phys. Rev. Lett.
111, 100402 (2013).
[37] W. Nie, H. Katsura and M. Oshikawa, arXiv:1401.2090
[cond-mat.stat-mech] (2014).
[38] R. P. Feynman, Phys. Rev. 94, 262 (1954).
[39] P. Horsch and W. von der Linden, Z. Phys. B 72, 181
(1988).
[40] S. Stringari, Phys. Rev. B 49, 6710 (1994).
[41] T. Momoi, J. Phys. Soc. Jpn. 63, 2507 (1994).
[42] L. Pitaevskii and S. Stringari, J. Low. Temp. Phys. 85,
377 (1991).
[43] H. W. J. Blo¨te, J. L. Cardy and M. P. Nightingale, Phys.
Rev. Lett. 56, 742 (1986).
[44] I. Affleck, Phys. Rev. Lett. 56 746 (1986).
[45] H. F. Song, S. Rachel, C. Flindt, I. Klich, N. Laflorencie
and K. Le Hur, Phys.Rev. B 85, 035409 (2012).
[46] A. Petrescu, H. F. Song, S. Rachel, Z. Ristivojevic, C.
Flindt, N. Laflorencie, I. Klich, N. Regnault and K. L.
Hur, J. Stat. Mech. P10005 (2014).
[47] For simplicity, we will assume N is a multiple of four.
[48] T. Giamarchi, Quantum Physics in One Dimension (Ox-
ford University Press, Oxford, UK, 2004).
[49] R. V. Lange, Phys. Rev. 146, 301 (1966).
[50] H. B. Nielsen and S. Chadha, Nucl. Phys. B 105, 445
(1976).
[51] N. D. Mermin and H. Wagner Phys. Rev. Lett. 17, 1133
(1966).
[52] S. Coleman, Comm. Math. Phys. 31, 259 (1973).
[53] N. Sannomiya, H. Katsura, and Y. Nakayama, in prepa-
ration.
